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v

mMvualitiingvsefevamate Ju (tem[1.n])  Fedevasudasdull

wmiln (Weight[1..n]) uazdiyad (Value[1..n]) a8

iasnistendevaingg Tdgad Taglildnasiusaivasdevadluliian

winiign Tuvaeinasiuininvasdsvasigudiuldazdesliiudruisen

W)

1 1 8
2 3 6
3 5 5

CS 204451

unit

. Knapsack problem

dwSutlgmilasdl 2 version
. 0-1 knapsack problem
>, Fractional knapsack problem (LLﬂxi“UaaL‘fJu%uEiaﬂﬂ 16)
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‘i‘]iy,mﬁuﬁ'lﬁﬁw Greedy algorithm (#11l@84le?)




CS 204451

unit

. 0-1 Knapsack problem

o, ‘4 o a = & = '
MMUUALA gediiiaug W uazion S fivszneudasiess n 3u Tnedevasusay

Pu (Fud i ) wldmidn w, uazliyadl b, (fvualinng w, b, uaz W luduau
<
(GEY)

Uy azussqavesasgednegndlaifielideesiignussyiinasiuyaranngs

CS 204451

unit

. 0-1 Knapsack problem
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; Brute-force algorithm
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Dynamic programming

1. U subproblem

mnfvualivedevealununear 1, 2, .., n wdq 151azdle1u subproblem
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. Dynamic programming

1813 subproblem

fapgamuunferes 5 Ju udasudriminuasyaA1fn1aNg uazan Max weight

vasguihlu 20

v

WnRsaNAsu 5 Ju azld

o Ao = Y ::'
a 55 = ﬂ']ﬁaUVlﬂ‘ﬂq@ﬂuﬂqiLaaﬂa\iﬂjaqwuqﬂkaﬂw 1
= = & A P a% o
FUAINUBYLAYN 5 uuﬁaﬁ]z‘LQQ\ilﬂuuqv]uﬂiqa 20 s,

3
4
UATYAAITIN 26 5
8

2
3
4
5
9

2
3
4
5

[

o : = ° - '
O Aaus, Wudrunilsvasinauvas Sy 3ol

CS 204451

unit

. Dynamic programming

{1g13 subproblem

W51 S,z Wntingau 14, yaasau: 20
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. Dynamic programming
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, Dynamic programming

%1 recurrence U84 subproblem

lfWk>W
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. Dynamic programming

3. %1 base case
1. mnﬁ?iwam,l,siqm’]ﬁwmﬂu 0 uansdndenldlvyyadisau=?
2. winlifivasudgudfivuiadieg uaasdndenldlvyyadisau=?
N5aILSNAD
fori=1ton
B[i,01=0
nsdifidasie
for w=0 to W

B[O,W]=0
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Dynamic programming :

fori=1ton
B[i,0]=0
for w=0 to W
B[O,w]=0
fori=1ton
for w=0 to W
ifw, <=w
if b+B[i-1,w-w,]>B[i-1,w]
Bli,wl = b,+B[i-1,w-w]
else
Bli,w] = B[i-1,w]
else B[i,w] = B[i-1,w] //w, > w
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5 Dynamic programming : Example

n=4
W=5
devas (wniln, yadn)

(2,3), (3,4), (4,5), (5,6)

CS 204451

unit
9

Dynamic programming

W 0 1 2 3
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Dynamic programming : Example
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B Dynamic programming : Example
W 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0
2 0
3 0
il 0
TdfAn base case
fori=1ton
B[i,0]=0
for w=0 to W
B[O,w]=0
cs 2o:m51 19
B Dynamic programming : Example
W 0 1 2 3 a 5
0 0 0 0 0 0 i=1
1 ° 0 3 b=3
2 0 Wi=2
3 0 w=2
4, 0 w-w.=0
if by+BIi-1,w-w]>B[i-1,w]
Bli,w] = b.+B[i-1,w-w.]
i ' 2(3,4)
else
Bliw] = Bli-1,w] 3(4,5)
else B[i,w] = B[i-1,w] 4 (5,6)

\w 0 1 2 3 4 5
0 0 0 0 0 0 i=1
|
1 0 ‘ 0 bi=3
2 0 Wi=2
3 0 w=1
4 0 w-w.=-1
if b+Bli-1,w-w,]>Bli-1w]
Bli,w] = b+B[i-1,w-w] 2(3.4)
else
Bliwl = Bli-1,w] 345
else B[iw] = B[i-1,w] 4 (5,6)
cs 20.4451 20
B Dynamic programming : Example
\w 0 1 2 3 4 5
0 0 0 0 0 0 0 i=1
\\
—
1] o 0 3 [T 3 b3
1
2 0 Wi=2
3 0 w=3
q 0 w-w.=1
if b+Bli-1,w-w,]>Bli-1w]
Bli,w] = b+B[i-1,w-w] 2(3.4)
else
Bliwl = Bli-1,w] 345
else B[iw] = B[i-1,w] 4 (5,6)
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B Dynamic programming : Example
W o 1 5
0 0 i=1
1 0 0 bi=3
2 0 Wi=2
3 0 W=4
q 0 W-w,.=2
if by+BIi-1,w-w]>B[i-1,w]
Bli,w] = b.+B[i-1,w-w]
' ' 238
else
Bliw] = Bli-1,w] 3 (4,5)
else B[i,w] = B[i-1,w] 4 (5,6)
cs zo:m51 23
B Dynamic programming : Example
\wW 0 1 5
0 0 i=2
1 0 I 0 3 bi=4
2 0 v 0 Wi=3
31 O w=1
q 0 W-W,=-2

if b+Bi-1,w-w,]>B[i-1,w]
Bli,w] = b+B[i-1,w-w]
else
B[i,w] = B[i-1,w]
else Bli,w] = B[i-1,w]

1(2,3)

3 (4,5)
4 (5,6)

\W 0 1 5
0 0 i=1
1l o 0 3 T3 b=3
2 0 Wi=2
3 0 w=>5
4/ 0 w-w,=3
if b+Bli-1,w-w,]>Bli-1w]
Bli,w] = b+B[i-1,w-w] 2 (3.4)
else ’
Bli,w] = B[i-1,w] 3 (4,5)
else B[i,w] = B[i-1,w] 4 (5,6)
cs 20:1451 24
B Dynamic programming : Example
\W 0 1 5
0 0 i=2
1 0 0 | 3 bi=4
2 0 0 U Wi=3
3 0 w=2
4 0 w-w=-1

if bi+B[i—1,w—Wi]>B[i—1,w]
Bli,w] = b+B[i-1,w-w]

else

B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w]

1(2,3)

3 (4,5
4 (5,6)
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W o 1 2 3 4 5
0| o 0 0 0 0
1l o 0 3 | 3 3 3
A 0 3 | 4 Ta
3] o
4] o

if b+B[i-1,w-w.]>B[i-1,w] 1(2,3)
Bliw] = b+B[i-1,w-w]

else —m

3 (4,5

ifw <=w

Bli,w] = B[i-1,w]
else B[iw] = B[i-1,w] 4 (5,6)

w;=3
w=4

W-w.= 1
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B Dynamic programming : Example
AW 0 1 2 3 4q 5
0| o 0 0 0 0 =2
0 0 3 3 3 3 _
1 \\‘ bi_4
3 0 w=3
4 0 w-w.=0
if b+B[i-1,w-w,]>B[i-1,w] 1(2,3)
Bli,w] = b+B[i-1,w-w]
else
B[li,w] = B[i-1,w] 3 (4,5)
else B[i,w] = B[i-1,w] 4 (5,6)
cs 20:\451 27
B Dynamic programming : Example
W 0 1 2 3 4q 5
0| o 0 0 0 0 =2
11 o 0 3 43 3 3 b=a
\\\s i
3 0 W=5
q 0 wW-w.=2

if b+Bi-1,w-w,]>B[i-1,w] 1(2,3)
Bli,w] = b+B[i-1,w-w]

e 6H >

Bli,w] = B[i-1,w] 3 (4,5)

else B[i,w] = B[i-1,w] 4 (5,6)
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Dynamic programming : Practice

28

AW 0 1 2 3 a 5
0 0 0 0 0 0 0
1 0 0 3 3 3 3
2 0 0 3 4 q 7
3 0
4 0
ifw, <=w Item(w,b)
if b+B[i-1,w-w,]>B[i-1,w] 1(2,3)
Bliw] = b+B[i-1,w-w] 2(3.4)
else
Bliw] = Bli-1n] 9
else B[iw] = B[i-1,w] 4 (5,6)
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5 Dynamic programming
W o 1 2 3 4 5
0 0 0 0 0 0 0
1] o0 0 3 3 3 3
2l O 0 3 4 4 7
30 0 0 3 4 5 7
q 0 0 3 ) 5 7

29

CS 204451

unit

nouiidayannosnaglumang

BIn,W] iudnannilgnvesdsvasiignldidnlulugud
1 i=n uag k=w

if B[i,k] != B[i-1,k] then

mark the i" item as in the knapsack

: Sldagnslsdnalddvadiaadluling

30

if b+Bli-1,w-w]>Bli-1,w] 1(23)
Bli,w] = b+B[i-1,w-w,] 2(3.4)
else
Bliw] = Bli-1,w] 345
else B[i,w] = B[i-1,w] 4 (5,6)
CS 204451 31
unil LY ' ] a v
. fragnen1smndslddsvaslaasluding
W 0 1 2 3 a 5
0 0 0 0 0 0
11 o 0 3 3 3 3
2l 0 0 3 4 4 7
3 0 0 3 q 5 7
4 0 0 3 q 5 7
i=n, k=W

’ Item(w,b)
if B[i,k] = B[i-1,k] then )
mark the i" item as in the knapsack 2 (34
i=i-1, k=k-w, 3 (4,5
else 4(5,6)

i=i-1

i=i-1, k=k-w,
else
i=i-1 //Assume the ith item is not in the knapsack
//Could it be in the optimally packed knapsack?
cs 20.4451 , 32
unit o 1 1 =Y 3
. frpg1ean1smnInsldasvesinasluddng
W o 1 2 3 5
0 0 0 0 0
1 0 0 3 3 3
2 0 0 3 4 7
3l 0 0 3 a [71\
al o 0 3 4 \7}
i=n, k=W
! Item(w,b)

if B[i,k] != B[i-1,k] then
mark the it item as in the knapsack
i=i-1, kek-w,

else
i=i-1

1(2,3)
2 (3,4)
3 (4,5)

4 (5,6)
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f8819n15%13051 ldFevadlaasluddng

\W 0 1 2 3 4

5
0
2 | 2 | )

o
o
o
o
o

[SY)

1
@-° | o[«
3 0 0 3 4 5 7
q 0 0 3 4 5 7
i=n, k=W Item(w,b)
while i,k>0
if BIiK] 1= Bi-1,k] then 1@y
mark the it item as in the knapsack 2(34)
i=i-1, k=k-w, 3 (4,5
else 4 (5,6)

i=i-1 omp science CMU

AW 0 1 2 3 4q 5
o] o 0 0 0 0
1l o 0 3 3 3 3
A 0 3 4 4 ( 7]\
3] o 0 3 4 5 \7]
al o 0 3 4 5 7
i=n, k=W
’ Item(w,b)
if B[i,k] != B[i-1,k] then 123
mark the i item as in the knapsack 234
i=i-1, kek-w, 3 (4,5
else 4(5,6)
i=i-1
CS 204451 35
o frag1an1suIsi ldasveslaasluddng
W 0 1 2 3 4q 5
o] o 0 0 0 0
@, 0 0 3l 3 3 3
@) 0 0 3 4 4 7
31 0 0 3 4 5 7
al o 0 3 4 5 7
i=n, k=W
’ Item(w,b)
if B[i,k] != B[i-1,k] then 123
mark the i item as in the knapsack 2 (34
i=i-1, kek-w, 3 (4,5
else 4 (5,6)

i=i-1 The optimal knapsack should be {1,2}
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Practice
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. Longest Common Subsequence

Subsequence was string S farnvasdnvsznusingludduaindreluvan b
Fududeswnanarduiiniu

fratnaiy Avum string S 1Wu ACTTGCC
79819 subsequence Y84 S
ACT, ATTC, T, AC, ACTTGC wevaaiiily subsequence
faogneitlally subsequence vas S

TTA, ATGA
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; Common subsequence

Common subsequence U84 2 string A subsequence 9
Usnglunsaas string

Longest common subsequence Aa common subsequence
N1AUE1(FUIUABDNVTL) WNTIgA

finad1g
S1 = AAACCGTGAGTTATTCGTTCTAGAA
S2 = CACCCCTAAGGTACCTTTGGTTC

899411 Longest common subsequence ¥84 S1 fiu 2
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. #78814 Longest Common Subsequence

S1 = AAACCGTGAGTTATTCGTTCTAGAA

S2 = CACCCCTAAGGTACCTTTGGTTC

LCS = ACCTAGTACTTTG

10
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. Bruteforce algorithm

a =

AR U sting x[1..m] wag y[1..n] figasn1sw LCS

15192A5ITFBUNNY subsequence V83 x 31 1Ty
subsequence ¥84 y #3aly

PIGER B
- . I . oa
wInLIA subsequence E]li.lJ 1 uuu  N15asdSaumneulIng 2 string &
subsequence assnuluuldiaanvinls
Tdivaan O(m+n)
- o y . v on
N8 string 12 n A7 ATAIUTAHIN substring 16 2" wuu

A9l worst case running time TumsiUSsulisuynguuuufia O((m+n) 27
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. Dynamic Programming

113 subproblem
#ATAUIAINLIIVBY longest common subsequence
14 LCS A siues

LS1ATUNUAINLIIVDY sequence s 728 |s|

WUINIY L519ZNRITUN prefixes VDI X hAS y
fionw clij] = |LCSO1..iy[1.])]

wa2 c[m,n] = [LCS(x,y)|
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, Dynamic Programming

%11 recurrence Y94 subproblem

a

PINAAIRIITAUN string x DeAunUsdnvszd i
WAz string y BeALMUSNYTEN
dwuali Z = 2,7,z Wu LCS Mdudnauiianigavas x(1.j] uag yl1.j] azuvsld
2 n3dl
x[il = y[jl nunefensaianvszlu string x @2fl | wazenuszlu string y Al j
- o
widlouiy
x[il 1= y[jl waeisnsdlanaszly string x Aaf i wazenvsely string y fadi j lal

Widlauny
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. Dynamic Programming : ¥1 recurrence

(1) nséil x[i] = yij] vunedansaisnuselu string x 69 | wazdnuszlu
string y @7 j wiilaui

LU NN9RUA x=BDCABA tas y=ABCBDAB
WnAasRaIsaNAIuINe i=5 waz j=4 tufe x[5] = y[4] =°B’

WU 2,2,z Wudmeulidfigaves x[1.i-1] (BDCA”) waz y[1.j-1] (“ABC”) tudle
fi “Bc” W Lcs
Fatdu ﬁ'\ﬂauﬁﬁﬁqmm x[1..i] (“BDCAB”) uag yl1.j] (“ABCB”)
2wy 1 + AMnauiiAiignuas x[1.i-1] uag yl1.j-1] dufe LCS Wu “BCB”

widenme cli, j] = 1+ cli-1, j-1] s

11
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unit

) Dynamic Programming : i1 recurrence

(2) nseifides x[i] # ylj] vunedensaionvselu string x A1 i uazanwse
Tu string y @2 j ldwdlaunu
LU AN%UA x=BDCABA way y=ABCBDAB
WINAAINANTAUNAIMRUIT =6 waz j=4 UuAa x[6] # y[4]
' o dad ca X

Q WU']'lﬂ'l'l&lEJ']’J‘UE]\?ﬂﬂGIE]UVIﬂVI'Ej.ﬂ‘LNLWSJ‘UU

v ¥ 2 o dad  da o ' '
Q AUY 2122...2p wuAInauna qamﬂummnn'ﬂszmw
u] 1) x[1..i-1] (string “BDCAB™) wag y[1.,j] (string “ABCB”)
u] 2) %39 x[1..i] (string “BDCABA”) waz y[1.j-1] (string “ABC”)

O thude clijl = max(cli, 11, c[i-1, j)

CS 204451

unit

. Dynamic Programming : #i1 recurrence

¥

O W@gudaunis recurrence linadl

cli—1,j—1]+1 ifx[i] = y[j]

Il =0 axteli — 1,71, clij — 11} ntun

wIn@ey algorithm WUV recursive azl@an
LCS(x, v, i, X
if x[il==y[j] then
cli, jl = LCS(x, y, i-1, j-1)+1
else c[i, jl = max{LCS(x, y, i-1, j), LCS(x,y, i, j-1)}

46
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5 Dynamic programming

3.%11 Base case

v W

&1 string y luifidnéa (812=0 &) LCS arsiluwinls
for i=1 to m

cli,0] =0

81 string x Lifidnda (812=0 #2) LCS Arsiluwinls
forj=1ton

clojl=0

192
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; Dynamic programming : Algorithm

LCS(x,y)
for(i=0 to m) c[i,0] = 0
for(j=0 to n) c[0,j1 =0
for(i=1 to m)
for(j=1 to n)
if(x[il=y[jD
clijl = cli-1,j-11+1
else c[i,j]l = max{c[i-1,j], c[ij-11}

Running Time= O(mn) asannAmuinuazisanldudazyoadaiian
[
tUU constant

Space = O(mn)

CS 204451
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, Dynamic programming : Example
X=BDCABA 1dein Base case
Y=ABCBDAB

A Cc B D A B

0 0 0 0 0 0 0 0
B 0
D 0
C 0
A 0
B 0
A 0

. Dynamic programming : Example
X=BDCABA Gusty
Y=ABCBDAB

A B C B D A B
B
D
C
A
B
A

Dynamic programming : Example
X=BDCABA x[111=y[1]
Y=ABCBDAB

c B D A B
0 0 0 0 0 0 0 0
|
B| o_|'o
D O
C O
A 0
B 0
A 0

13
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, Dynamic programming : Example

X=BDCABA x[1]=y[2]
Y=ABCBDAB
A C B D A B
0 0 0 0 0 0 0 0
B| o© 0 1
Dl o
cl o
Al O
Bl ©
Al 0

Cs 204451
unil

9

Dynamic programming : Example

X=BDCABA x[1]=y[3]
Y=ABCBDAB
C B D A B
0 0 0 0 0 0 0 0
Bl © 0 1,1
Dl o
cl o
Al O
gl ©
Al o©

CS 204451
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, Dynamic programming : Example

X=BDCABA x[1]=yl4]
Y=ABCBDAB
A @ B D A B
0 0 0 0 0 0 0 0
N\
B 0 0 1 1 N1
D 0
C 0
A 0
B 0
A 0

Cs 204451
unil
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Dynamic programming : Example

X=BDCABA x[1]t=y[5]
Y=ABCBDAB
C B D A B
0 0 0 0 0 0 0 0
Bl 0 0 1 1 1,1
Dl ©
cl o
Al O
gl ©
Al ©

14
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, Dynamic programming : Example

CS 204451

unit

X=BDCABA x[1]1=y[6]
Y=ABCBDAB
A c B D A B
0 0 0 0 0 0 0 0
B 0 0 1 1 1 1|1
D 0
C 0
A 0
B 0
A 0
Dynamic programming : Example
X=BDCABA Wiguiu x[2]
Y=ABCBDAB
A c B D A B
0 0 0 0 0 0 0 0
B 0 0 1 1 1 1 1 1
D 0 0 1 1 1 2 2 2
C 0
A 0
B 0
A 0

. Dynamic programming : Example
X=BDCABA x[1]=y[7]
Y=ABCBDAB

c B D A B

0 0 0 0 0 0 0 0

g | o 0 1 1 1 1 1 N1
D 0
C 0
A 0
B 0
A 0

o Fill uASU
X=BDCABA
Y=ABCBDAB

C B A B

0 0 0 0 0 0 0 0

B 0 0 1 1 1 1 1 1
D 0 0 1 1 1 2 2 2
C 0 0 1 2 2 2 2 2
A 0 1 1 2 2 2 3 3
B 0 1 2 2 3 3 3 4
A 0 1 2 2 3 3 1 q

15
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Fill uAsu 5901598 0unaU

wilawnu Thld w

1 X=BDCABA

L Y=ABCBDAB

0000

winidanonawunlila b
mnidennamdalild «
qmﬁlﬁu\ fAaAnay

® ¢
0
1

D

0

1
\K 2 2
D)

2

\
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Fill auAsU

U X=BDCABA
U Y=ABCBDAB

#5905 98aunaL
widlawnn Tald
wndananavunlild
“ . s ,
winidananausalild

< a_ o
i‘]‘(ﬁl‘l’ltﬁ% AAINBdY

]
d
i

N

~N

i

L0000

\

T
1
1
=
t
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